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In this study, we perform comparative two-scale and full-scale analyses of elastoplastic regular hexago-
nal honeycomb blocks subjected to in-plane ﬂat-punch indentation. Zigzag and armchair types of cell
arrangements are considered for the blocks; relatively thick cell walls are assumed to focus on the effect
of cell wall yielding rather than cell wall deﬂection. For the two-scale analysis, the fully implicit homog-
enization scheme developed by Asada and Ohno [Asada, T., Ohno, N., 2007. Fully implicit formulation of
elastoplastic homogenization problem for two-scale analysis. International Journal of Solids and Struc-
tures 44, 7261–7275] is rebuilt by introducing half unit cells to halve the analysis domains in unit cells.
For the full-scale analysis, three cell sizes are considered. It is shown that the two-scale analysis provides
no apparent dependence on the two types of cell arrangements because of their equivalence under in-
plane loading, whereas the full-scale analysis reveals that the local deformation in honeycomb blocks
is highly dependent on cell arrangement. Nevertheless, the two-scale analysis is found to be successful
in predicting the indentation load-displacement relation and the macroscopic localization direction in
honeycomb blocks.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
We consider macro-structures made of heterogeneous solids
such as composite materials and cellular solids. Macro-structures
of this kind can be analyzed using the same method as that used
for structures made of homogeneous solids, if the heterogeneous
solids are appropriately homogenized. Representative volume ele-
ments are usually considered to evaluate homogenized properties
of heterogeneous solids, and the homogenized properties evalu-
ated are used to analyze macro-structures. This type of analysis, re-
ferred to as two-scale analysis, is expected to be valid, if
representative volume elements are sufﬁciently small in compari-
son to macro-structures. If heterogeneous solids have periodic mi-
cro-structures, repeated volume elements (called unit cells in this
paper) are taken to be representative volume elements. Finite ele-
ment methods are generally used for two-scale analysis. Then, if
periodic micro-structures are elastoplastic, two-scale analysis re-
quires that elastoplastic ﬁnite element analysis of a unit cell be
performed at all integration points in each element in the
macro-structure at every incremental step, resulting in high com-
putational loads. Computational schemes have therefore beenll rights reserved.
Computational Science and
464-8603, Japan. Tel.: +81 52
no).developed to perform elastoplastic two-scale analysis (e.g., Ghosh
et al., 1996; Fish et al., 1997; Feyel and Chaboche, 2000; Terada
and Kikuchi, 2001; Miehe, 2002; Michel and Suquet, 2004; Asada
and Ohno, 2007).
For iteratively determining perturbed displacement increment
ﬁelds in elastoplastic unit cells, Asada and Ohno (2007) investi-
gated the inﬂuence of initial increment ﬁelds on convergence. To
this end, they developed a fully implicit incremental homogeniza-
tion scheme that allows any strain increment ﬁeld to be assumed
as an initial ﬁeld. Then, by applying the scheme to a two-scale
analysis of a macro-structure possessing a periodic elastoplastic
micro-structure, they showed that the maximum size of incremen-
tal steps to attain convergence is strongly dependent on the initial
strain increment ﬁelds examined. Thus they demonstrated that
their computational scheme can be effective for reducing computa-
tional loads in elastoplastic two-scale analysis, as is brieﬂy de-
scribed in Section 3.
Ohno et al. (2001) studied the homogenization in periodic solids
in which constituents distribute point-symmetrically with respect
to the body center of each unit cell. For this class of periodic solids,
they showed that the ﬁeld of perturbed displacement satisﬁes the
point-symmetry with respect to all boundary facet centers as well
as the body center of a unit cell. This point symmetry, henceforth
referred to as the C-symmetry, can be employed for introducing
half unit cells and for imposing a boundary condition on perturbed
displacement. The C-symmetry then allows the stress balance in
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mains in unit cells are halved. The C-symmetry has been used to
analyze efﬁciently the homogenized properties of long ﬁber-rein-
forced laminates and plain-woven GFRP laminates (Matsuda
et al., 2003, 2007a,b).
Cellular solids generally exhibit excellent energy absorption
characteristics under compression. Such solids are thus widely
used for shock mitigation in vehicles, in packaging and in cushion-
ing. Hexagonal honeycombs are typical 2D model cellular solids
and can be used for lightweight structure designs (e.g., Gibson
and Ashby, 1997). The in-plane compressive behavior of hexagonal
honeycombs has been studied by Klintworth and Stronge (1988),
Gibson et al. (1989), Papka and Kyriakides (1994, 1999), Trian-
tafyllidis and Schraad (1998), Chen et al. (1999), Zhu and Mills
(2000), Ohno et al. (2002), Okumura et al. (2002, 2004), Hohe
and Becker (2003), Karagiozova and Yu (2004), and others. Per-
forming in-plane ﬂat-punch indentation experiments on alumi-
num honeycomb blocks, Klintworth and Stronge (1989) observed
that the honeycomb blocks exhibit deformation localization quite
different from that in plastically incompressible metallic blocks.
This deformation localization was triggered by the cell wall yield-
ing near ﬂat-punch edges, which occurred under combined cell
wall bending and compression to induce macro-plastic volumetric
contraction. It is then worthwhile to investigate if the deformation
localization is reproduced using two-scale analysis, in which the
cell wall yielding is macroscopically taken into account through
the homogenization analysis of a unit cell.
For regular hexagonal honeycombs, the zigzag and armchair
types of cell arrangements can give almost the same homogenized
stress–strain relations at small strains under in-plane loading even
in the presence of plastic deformation, as suggested by the analysis
of hexagonally ﬁber-arrayed metal-matrix composites (e.g., Michel
et al., 1999; Wu and Ohno, 1999; Ohno et al., 2000). Consequently,
two-scale elastoplastic analysis of regular hexagonal honeycomb
structures undergoing in-plane small deformation can have little
dependence on the two-types of cell arrangements. This corollary
is expected to be valid, if sufﬁciently small cell sizes are consid-
ered. It is then of interest to examine this two-scale analysis by
performing the corresponding full-scale analysis for different cell
sizes.Fig. 1. Illustration of two-scale analysis: (a) macro-structure with periodic micro-structur
macro-analysis.In this study, comparative two-scale and full-scale analyses are
performed for in-plane ﬂat-punch indented, elastoplastic regular
hexagonal honeycomb blocks. Zigzag and armchair types of cell
arrangements are considered. Relatively thick cell walls are as-
sumed to focus on the effect of cell wall yielding rather than cell
wall deﬂection. For the two-scale analysis, the implicit incremental
homogenization scheme developed by Asada and Ohno (2007) is
rebuilt by taking into consideration the C-symmetry studied by
Ohno et al. (2001). The two-scale analysis is compared with the
corresponding full-scale analysis, for which three cell sizes are con-
sidered and both small and large deformation computations are
run. The two-scale analysis is then shown to be successful with re-
spect to the indentation load–displacement relation and the mac-
roscopic deformation localization direction, though the two-scale
analysis fails to predict the cell-arrangement dependence of local
deformation found in the full-scale analysis.
2. Homogenization for two-scale analysis
First, the implicit incremental homogenization scheme devel-
oped by Asada and Ohno (2007) is reviewed. The scheme is
described in a form applicable to half unit cells based on the
C-symmetry studied by Ohno et al. (2001).
Let us suppose a macro-structure B with an elastoplastic peri-
odic micro-structure undergoing small deformation (Fig. 1(a)). Let
Y be a unit cell of themicro-structure. It is assumed that the volume
of Y, jYj, is much smaller than that of B. Stress and strain in Y are
calledmicro-stress r andmicro-strain e, respectively. Then, averag-
ing r and e in Y gives macro-stress R and macro-strain E, i.e.,
R ¼ hriY ; ð1Þ
E ¼ heiY ; ð2Þ
where
h#iY ¼
1
jY j
Z
Y
#dY : ð3Þ
It is shown that e consists of two parts as follows (e.g., Bensoussan
et al., 1978; Sanchez-Palencia, 1980):
e ¼ Eþ ~e; ð4Þe, and (b) homogenization analysis of unit cell Y at each integration point to perform
Fig. 3. Example of half unit cell Y* of 2D hexagonal structure; cell center C0 and cell
boundary facet centers C1, C2 and C3 (Ohno et al., 2001).
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part ~u of displacement u in Y, i.e.,
~e ¼ 1
2
½ry~uþ ðry~uÞT: ð5Þ
Here, ry stands for the gradient with respect to the position vector
y in Y, and the superscript T denotes transpose.
Let us consider two-scale incremental ﬁnite element analysis
of B. First, B is divided into ﬁnite elements as a homogeneous
body, and then the so-called homogenization problem of Y is
solved at all integration points in B at every incremental step
so that the ‘macro-analysis’ of B can be incrementally performed
(Fig. 1(b)). The homogenization problem at an incremental step
from tn to tn+1 is stated below (e.g., Terada and Kikuchi, 2001;
Miehe, 2002). Given the macro-strain increment
DEn+1(=En+1  En) from tn to tn+1, obtain the macro-stress Rn+1
and macro-tangent modulus oRn+1/oDEn+1 at tn+1 on the assump-
tion that the values of u, ep and n in Y at tn, fun; epn; nng, are known
(Fig. 2). Here, ep and n denote the ﬁelds of plastic strain and internal
variables in constituents of Y. Throughout this paper, the subscripts
n and n + 1 indicate the values at tn and tn+1, respectively, and
D#n+1 signiﬁes increments between tn and tn+1:
D#nþ1 ¼ #nþ1 #n: ð6Þ
The incremental macro-analysis mentioned above generally re-
quires iterations, because the Newton–Raphson method is usually
employed to determine macro-nodal displacement increments.
The iterations for the incremental macro-analysis, which are called
‘global iterations’, can have quadratic convergence, if Rn+1 and
oRn+1/oDEn+1 are obtained by implicitly solving the homogenization
problem, as described below.
Now we assume that all constituents distribute point-symmet-
rically with respect to the body center of Y. Then, as was shown by
Ohno et al. (2001), the ﬁeld of ~u satisﬁes the C-symmetry, i.e., the
point-symmetry with respect to all boundary facet centers of Y as
well as the body center of Y; as a result, the balance of micro-stress
rn+1 in the absence of body forces is expressed in the following
weak form deﬁned in a half unit cell Y*:
hrnþ1 : d~eiY ¼ 0; ð7Þ
where d~e denotes any variation of ~e satisfying Eq. (5) and the C-sym-
metry, (:) indicates the inner product between tensors, and h iY* is
deﬁned by Eq. (3) with Y replaced by Y*, i.e.,
h#iY ¼
1
jYj
Z
Y
#dY: ð8ÞFig. 2. Data ﬂow between macro-analyFig. 3 illustrates an example of Y*, in which ~u distributes point-
symmetrically with respect to Ck (k = 0,1,2,3). Eq. (7) is similar
to the weak form of micro-stress balance in Y derived by Suquet
(1987).
If plastic strain occurs in constituents in Y, rn+1 is nonlinearly
related toDen+1. Hence, we solve the homogenization problem iter-
atively. The iterations to solve the homogenization problem are
called ‘local iterations’. Let us assume that the relation of rn+1
and Den+1 is linearized as
rnþ1  rðiÞnþ1 ¼ DðiÞnþ1 : ðDenþ1  DeðiÞnþ1Þ; ð9Þ
where rðiÞnþ1 and De
ðiÞ
nþ1 are the ith estimates obtained on the last local
iteration, and DðiÞnþ1 indicates the consistent tangent modulus at
DeðiÞnþ1, i.e.,
DðiÞnþ1 ¼
orðiÞnþ1
oDeðiÞnþ1
: ð10Þ
Let us choose Deðiþ1Þnþ1 so that rn+1 given by Eq. (9) satisﬁes Eq. (7).
Here, using Eqs. (4) and (5), Deðiþ1Þnþ1 is expressed in the following
form, where DEn+1 is prescribed for solving the homogenization
problem (Fig. 2):
Deðiþ1Þnþ1 ¼ DEnþ1 þ
1
2
½ry~uðiþ1Þnþ1 þ ðry~uðiþ1Þnþ1 ÞT: ð11Þ
Consequently, we havesis and homogenization analysis.
Fig. 4. Right half of honeycomb block subjected to in-plane ﬂat-punch indentation;
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: ðDEnþ1  DeðiÞnþ1ÞiY : ð12Þ
The above equation can be solved for D~uðiþ1Þnþ1 , if De
ðiÞ
nþ1, r
ðiÞ
nþ1 and
DðiÞnþ1 are known. If D~u
ðiþ1Þ
nþ1 is obtained, Eq. (11) provides De
ðiþ1Þ
nþ1 .
Then, using for example the return mapping method, we can com-
pute rðiþ1Þnþ1 and D
ðiþ1Þ
nþ1 . Thus, if convergence is attained, Rn+1 is deter-
mined as
Rnþ1 ¼ hrnþ1iY : ð13Þ
It is emphasized that Eq. (12) is a boundary value problem deﬁned
for half unit cells, and hence that Eq. (12) allows analysis domains
to be reduced by half.
The macro-tangent modulus oRn+1/oDEn+1 is obtained in the
same way as for the linear elastic homogenization problem (e.g.,
Terada and Kikuchi, 2001; Asada and Ohno, 2007):
oRnþ1
oDEnþ1
¼ hDnþ1 : ðI þryvnþ1ÞiY ; ð14Þ
where Dnþ1ornþ1=oDenþ1, I denotes the fourth rank unit tensor, and
vn+1 is the solution of the boundary value problem
hd~e : Dnþ1 : ryvnþ1iY ¼ hd~e : Dnþ1iY : ð15Þ
length in mm.3. Computational procedure for two-scale analysis
The general procedure of two-scale ﬁnite element analysis was
outlined in the paragraph related with Figs. 1(b) and 2. Here, the
speciﬁc computational procedure employed in this study is brieﬂy
described.
Eq. (12) is a boundary value problem to iteratively determine
D~unþ1, Den+1 and rn+1, and if convergence is attained in solving this
iterative problem, Rn+1 is obtained using Eq. (13), as mentioned in
Section 2. Eq. (12) with Y* replaced by Y was derived by Asada and
Ohno (2007). We therefore modiﬁed the computational algorithm
developed by them, to use Y* instead of Y to obtain Rn+1 and oRn+1/
oDEn+1. The modiﬁed computational algorithm was implemented
in ABAQUS ver. 6.5 using a user subroutine UMAT, and has been
employed in the present two-scale analysis as follows. Whenever
UMAT is called, the homogenization problem of Y* is solved in
UMAT; thus, Rn+1 and oRn+1/oDEn+1 are obtained for all integration
points in a macro-structure on each global iteration at every incre-
mental step in the macro-analysis, that is performed in Abaqus it-
self using the Newton–Raphson method.
The following three choices for Deð0Þnþ1 are possible in solving Eq.
(12), as studied by Asada and Ohno (2007):
Deð0Þnþ1 ¼ 0; Deð0Þnþ1 ¼ ðDtnþ1=DtnÞDen; Deð0Þnþ1 ¼ DEnþ1; ð16Þ
where Den indicates the micro-strain increment ﬁeld determined ﬁ-
nally at the step from tn1 to tn. Terada and Kikuchi (2001) and Mie-
he (2002) used Eq. (16)3 to build implicit homogenization schemes
in their studies. In this study, we have chosen Eq. (16)2, as it was
found to be much better in attaining convergence than Eq. (16)3
(Asada and Ohno, 2007).4. Honeycomb blocks indented by a ﬂat-punch
4.1. Two-scale analysis
Fig. 4 illustrates the right half of the homogenized macro-struc-
ture considered in the present two-scale analysis. Cartesian coordi-
nates x1, x2 and x3 with their origin at the center on the bottom
surface were set for the macro-structure, which was divided into
ﬁnite elements using 2D eight-node reduced integration elements.
The right half was analyzed and subjected to ﬂat-punch indenta-tion in the region 0 6 x1 6 L (L = 100 mm) on the top surface under
a plane strain condition of E33 = 0. The following boundary condi-
tions were imposed on macro-displacement U and macro-stress R:
U1 ¼ 0; R12 ¼ 0 at x1 ¼ 0; ð17Þ
R11 ¼ 0; R12 ¼ 0 at x1 ¼ W; ð18Þ
U2 ¼ 0; R21 ¼ 0 at x2 ¼ 0; ð19Þ
U2 ¼ Uin; R21 ¼ 0 at x2 ¼ H ð0 6 x1 6 LÞ; ð20Þ
R22 ¼ 0; R21 ¼ 0 at x2 ¼ H ðL < x1 6WÞ; ð21Þ
where indentation displacement Uin was incrementally varied from
zero to 1.2 mm.
Fig. 5(a) and (b) show zigzag and armchair types of cell arrange-
ments, assumed to be the micro-structures of the macro-structure
in this study. The micro-structures have unit cells as indicated by
the dotted lines in these ﬁgures. The half unit cells depicted in
the ﬁgures were then considered as Y* and meshed using 2D
four-node non-conforming elements to solve the homogenization
problem under the plane strain condition of e33 = 0. The point-sym-
metry of ~u with respect to points C1, C2 and C3 indicated in the
ﬁgures was used as the boundary condition of ~u on the middle
cross-sections of cell walls in solving Eq. (12). The cell walls were
assumed to be made of an isotropic elastic-perfectly plastic mate-
rial (Table 1), for which the return mapping method was employed
to compute rðiÞnþ1 and D
ðiÞ
nþ1 as a function of De
ðiÞ
nþ1 (Simo and Hughes,
1998; Asada and Ohno, 2007). The ratio of cell wall thickness wc to
cell wall length lc was taken to be 0.1.
4.2. Full-scale analysis
The full-scale ﬁnite element analysis corresponding to the two-
scale analysis mentioned above was performed for three cell sizes
of lc/L = 0.1215, 0.0491 and 0.0308 using ABAQUS ver. 6.5. Zigzag
and armchair types of cell arrangements and the plane strain con-
dition of e33 = 0 were considered in the full-scale analysis as well as
in the two-scale analysis. Eqs. (17)–(21) with U and R replaced by
u and r, respectively, were employed as the boundary conditions
in the full-scale analysis. The honeycomb blocks were full-meshed
using 2D four-node non-conforming elements; the total number of
ﬁnite elements per unit cell was 192 irrespective of the value of lc/L
and the type of cell arrangement. For the full-scale analysis, both
Fig. 6. Relation of indentation stress and displacement in two-scale analysis.
Fig. 5. Half unit cell Y* assumed in two-scale analysis: (a) zigzag and (b) armchair types of cell arrangements.
Table 1
Material properties of honeycomb cell walls.
Young’s modulus, E (GPa) 69.0
Poisson’s ratio, m 0.3
Yield stress, r0 (MPa) 40.0
1 In Figs. 7, 8, 10 and 11, displacement is magniﬁed 25-times. This magniﬁcation is
indicated as ‘displacement 25’ in the ﬁgure captions.
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deformation computations were performed by switching on the
geometric nonlinearity available in Abaqus.
4.3. Reference analysis
For reference, a plastically incompressible metallic block sub-
jected to ﬂat-punch indentation was analyzed; i.e., the ﬂat-punch
indentation problem illustrated in Fig. 4 was analyzed under the
plane strain condition on the assumption that the block was made
of an elastic-perfectly plastic material. It was assumed that the
parameters for this material were those given in Table 1.
5. Computational results and discussion
5.1. Results of two-scale analysis
The variations in indentation stress Rin computed in the two-
scale analysis are shown in Fig. 6, where results attained for the
zigzag and armchair types of cell arrangements are plotted by
deﬁning Rin to be the sum of indentation nodal forces divided by
L. It is seen from the ﬁgure that the Rin versus Uin relation starts
to have nonlinearity at Rin  0.4MPa. More importantly, it can
also be seen that the zigzag and armchair types of cell arrange-
ments resulted in indistinguishably the same Rin versus Uin
relations.
Fig. 7(a) and (b) depict the contours of equivalent macro-strain
Eeq at Uin = 1.2 mm obtained in the two-scale analysis based onthe two types of cell arrangements.1 Here, Eeq is conventionally de-
ﬁned as
Eeq ¼ 23E : E
 1=2
: ð22Þ
By comparing Fig. 7(a) and (b), it is again seen that the zigzag and
armchair types of cell arrangements have little inﬂuence on the
macro-deformation in the two-scale analysis. Another interesting
feature observed in the ﬁgures is the development of a strain local-
ization band, which makes an angle of about 30 with the vertical
axis. The development of this strain localization is quite different
from that in Fig. 8, which shows the contour map of Eeq in the plas-
tically incompressible metallic block in the reference analysis de-
scribed in Section 4.3.
As stated above, the zigzag and armchair types of cell arrange-
ments gave indistinguishable results in the macro-analysis in the
Fig. 7. Contour map of equivalent macro-strain Eeq at Uin = 1.2 mm; displacement 25: (a) zigzag and (b) armchair types of cell arrangements.
Fig. 9. Homogenized stress–strain relations of honeycomb with zigzag and
armchair types of cell arrangements: (a) in-plane uniaxial tension, and (b) in-plane
simple shear.
Fig. 8. Contour map of equivalent macro-strain Eeq at Uin = 1.2 mm in the
reference analysis described in Section 4.3; displacement 25.
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cell arrangements provide almost no difference to the homoge-
nized stress versus strain relations under in-plane loading at small
strains, as demonstrated in Fig. 9(a) and (b). It is seen from Fig. 9(a)
that, for each loading direction h of in-plane uniaxial tension, the
two types of cell arrangements provide almost the same relations
to homogenized stress and strain,2 though the relations have a
dependence on h in the plastic range.3 Under in-plane pure shear,
the two types of cell arrangements provide exactly the same rela-
tions to homogenized stress and strain for each h (Fig. 9(b)), as
proved in Appendix B of Wu and Ohno (1999). It is therefore taken
for granted that the zigzag and armchair types of cell arrangements
hardly inﬂuence the in-plane macro-deformation in the two-scale
analysis.
5.2. Comparison with full-scale analysis
Fig. 10(a)–(f) shows the deformations of honeycomb blocks at
Uin = 1.2 mm computed in the full-scale analysis assuming small
deformation. The following features are evident from the ﬁgures.
The zigzag type of cell arrangement in the honeycomb blocks al-
ways resulted in crushing a cell row making an angle of 30 with
the vertical axis, so that the crushed cell row was regarded as an
explicit band of macro-deformation localization irrespective of
the value of lc/L (Fig. 10(a)–(c)). The armchair type of cell arrange-2 In-plane uniaxial tensions of the zigzag type cell arrangement in the directions of
h = 0 and h = 30 are identical to those of the armchair type cell arrangement in the
directions of h = 30 and h = 0, respectively. In-plane tension/compression symmetry
is satisﬁed in any direction.
3 Regular hexagonal structures are in-plane isotropic in the elastic range, but are
in-plane anisotropic in the plastic range (Michel et al., 1999; Ohno et al., 2000).ment, on the other hand, caused a distribution of noticeably de-
formed cells especially near an edge of the ﬂat-punch
(Fig. 10(d)–(f)); when lc/L = 0.0308, the distribution of such cells in-
duced macro-deformation localization to occur in an indistinct
band making an angle of about 30 with the vertical axis
(Fig. 10(f)). Taking account of large deformation in the full-scale
analysis did not give any noticeable distinction to the results
shown in Fig. 10(a)–(f), as exempliﬁed in Fig. 11(a) and (b) for lc/
L = 0.0308.
Validity of the two-scale analysis is now discussed on the basis
of the results of the full-scale analysis mentioned above. As de-
scribed in Section 5.1, the two-scale analysis provided a macro-
deformation localization band making an angle of about 30 with
the vertical axis; an identical band was formed when the zigzag
and armchair types of cell arrangements were assumed in the
two-scale analysis. In the full-scale analysis for the zigzag type of
Fig. 10. Honeycomb block at Uin = 1.2 mm in full-scale small-deformation analysis; displacement 25.
Fig. 11. Honeycomb block with lc/L = 0.0308 at Uin = 1.2 mm in full-scale large-deformation analysis; displacement 25.
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curred as a crushed cell row, whereas, in the case of the armchair
type of cell arrangement, the band appeared indistinctly to cause a
distribution of noticeably deformed cells even when the cell size
was considerably small as lc /L = 0.0308. We can therefore conclude
that the two-scale analysis was successful with respect to the
direction of the macro-deformation localization band in the honey-
comb blocks, but failed to predict the cell-arrangement depen-
dence of cell deformation in the band.
It is noted that large gradients of macro-strain happened in the
macro-deformation localization band in the two-scale analysis.
However, no gradient effect of macro-strain was taken into ac-
count in the two-scale analysis: only Rn+1 and oRn+1/oDEn+1 were
evaluated by performing the homogenization analysis of unit cellsin the absence of macro-strain gradients. This implies that large
gradients of macro-strain are not allowed to occur over the charac-
teristic length of unit cells in the macro-analysis. It is then sug-
gested that incorporating macro-strain gradient effects in the
two-scale analysis may lead to reproducing the cell-arrangement
dependence of local deformation found in the full-scale analysis.
A comparison of the variations inRin computed in the two-scale
and full-scale analyses is presented in Fig. 12(a) and (b) for the zig-
zag and armchair types of cell arrangements, respectively. These
ﬁgures show that the two-scale and full-scale analyses resulted
in almost the same Rin versus Uin relations. The ﬁgures also show
that the full-scale analysis provided variations in Rin with negligi-
ble dependences on the values of lc/L and on the two types of cell
arrangements. It is surprising to see the negligible dependence of
Fig. 12. Comparison of two-scale and full-scale analyses with respect to the
relation of indentation stress Rin and indentation displacement Uin: (a) zigzag and
(b) armchair types of cell arrangements.
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because the full-scale analysis showed clear evidence of cell-
arrangement dependence of cell deformation in the honeycomb
blocks (Fig. 10(a)–(f)). Hence, it can be concluded that the varia-
tions in Rin, which is a macro-quantity, are insensitive to the detail
of cell deformation in the honeycomb blocks, and consequently
that the two-scale and full-scale analyses are in agreement with re-
spect to the variations in Rin.
6. Concluding remarks
In this study, comparative two-scale and full-scale analyses
were performed to investigate in-plane deformation localization
in elastoplastic hexagonal honeycomb blocks indented by a ﬂat-
punch. Zigzag and armchair types of cell arrangements were con-
sidered for the blocks; relatively thick cell walls were assumed to
focus on the effect of cell wall yielding rather than cell wall deﬂec-
tion. For the two-scale analysis, the implicit homogenization
scheme developed by Asada and Ohno (2007) was rebuilt by intro-
ducing half unit cells to halve the analysis domains in unit cells. For
the full-scale analysis, three cell sizes were considered, and both
small and large deformation computations were run. What follows
is a summary of the main results attained in the present study.
(1) The two-scale analysis led to the formation of a macro-
deformation localization band making an angle of about 30 with
the indentation direction. An identical band appeared for both
the zigzag and armchair types of cell arrangements, and the two
types of cell arrangements presented no visible difference to the
variations in indentation stress. These were taken for granted be-
cause of the homogenized equivalence of the two types of cell
arrangements under in-plane loading.
(2) The full-scale analysis for the zigzag type of cell arrange-
ment always resulted in the crushing of a cell row making an angleof 30with the indentation direction. The full-scale analysis for the
armchair type of cell arrangement, on the other hand, gave a distri-
bution of noticeably deformed cells, so that an indistinct localiza-
tion band of macro-deformation making an angle of about 30
with the indentation direction was formed when the cell size
was considerably small.
(3) The two-scale and full-scale analyses were in good agree-
ment with respect to the variations in indentation stress, even
when the cell size was fairly large. This agreement is surprising be-
cause the two-scale analysis failed to predict the cell-arrangement
dependence of local deformation in honeycomb blocks. The macro-
scopic relation of indentation load and displacement was thus
found insensitive to the detail of cell deformation in honeycomb
blocks.
In this study, relatively thick cell walls were assumed, so that
the small and large deformation computations of the full-scale
analysis had negligible differences. Large deformation, however,
may occur in honeycombs, especially if cell walls are thin. It is then
necessary to note that the in-plane homogenized equivalence of
the zigzag and armchair types of cell arrangements breaks down
under large deformation (e.g., Papka and Kyriakides, 1999; Ohno
et al., 2002) as a result, the cell-arrangement dependence of local
deformation found in the present full-scale analysis can be more
signiﬁcant under large deformation, especially if cell wall buckling
occurs. It will then be of interest in a future study to investigate
how signiﬁcantly the two types of cell arrangements affect in-
plane indentation loads of honeycombs under large deformation.
No gradient effect of macro-strain was taken into account in the
two-scale analysis in this study. If a higher-order continuummodel
or a strain gradient model is developed to incorporate the gradient
effects of macro-strain in the two-scale analysis, the cell-arrange-
ment dependence of local deformation found in the full-scale anal-
ysis may be reproduced. This will be also of interest in a future
study.
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